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Contribution

• Introduce causal autoregressive flows(CAFs) which reflect the causal
structure of data.

• Through CAFs, enable sampling an intervened sample and counterfactual
sample.

3



Table of Contents

1 Contribution

2 Structural causal model(SCM)

3 Autoregressive normalizing flow (ANF)

4 Causal Autoregressive normalizing flow (CAF)

5 Intervention and Counterfactual

6 Experiments

4



Structural causal model

• A structural causal model (SCM) is a tuple M =
(
f̃,Pu

)
describing a

data-generating process that transforms a set of d-dimensional latent
variables, u ∼ Pu, into a set of d-dimensional observed data, x, according
to f̃ = (f̃1, · · · , f̃d) : Rd → Rd .

• Specifically, x = (x1, · · · , xd) is computed as follows:

u := (u1, u2, . . . , ud) ∼ Pu, xi = f̃i (xpai , ui ) , for i = 1, 2, . . . , d .

where xpai is parents of xi which directly cause xi .
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Adjacency matrix

• Define the adjacency matrix of the causal graph as A = (Aij) ∈ {0, 1}d×d ,

Aij = I

(
∂ f̃i (xpai , ui )

∂xj
̸= 0

)

where I is the indicator function.

• We assume that A is acyclic.

• Also assume that the x are sorted according to a causal ordering.
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Normalizing flow

• Normalizing flows are generative models that express the probability
density of data using the change-of-variables rule.

• Given an observed data x ∈ Rd , a normalizing flow is a neural network
with parameters θ that takes x as input, and outputs

Tθ(x) =: u ∼ Pu

log p(x) = log p (Tθ(x)) + log |det (∇xTθ(x))|

where Pu is a base distribution that is easy to sample.

• In normalizing flow, estimate θ by maximizing log p(x).
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Autoregressive normalizing flow

• To sample data from u, T−1
θ (u) should be exist and determinant of

Jacobian matrix ∇xTθ(x) should be tractable.

• Autoregressive normalizing flows(ANFs) are models that satisfy the above
conditions.

• ANFs are deep neural networks which is i-th output of each layer l
denoted by zli is computed as

zli := τ l
i

(
zl−1
i ; hl

i

)
, where hl

i := c li

(
zl−1
1:i−1

)
and where τi and ci are termed the transformer and the conditioner,
respectively.

• Note that Jacobian matrices of ANFs are triangular matrices.
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ANFs as SCM

• Want to express SCM as ANFs when A is known.

• One of the conditions that ANFs can be expressed as SCM is xi is a
function of xpai which depend on upai , and ui .
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Theorem

Theorem
If a causal NF Tθ satisfies an condition in previous slide, then ∇xTθ(x) ≡ I −A

and ∇uT
−1
θ (u) ≡ I +

∑diam(A)
n=1 An, where A is the causal adjacency matrix of

M.

where diam(A) = min{k : Ak = 0̃} when 0̃ is zero matrix.
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Model & Objective function

• (Abductive model) Causal NF from x to u

zli = τi
(
zl−1
i ; hl

i

)
, where hl

i = ci
(
zl−1
pai

)
• To penalize spurious correlations from x to Tθ(x), add penalized term :

minimize
θ

Ex
[
− log p (Tθ(x)) +

∥∥∇xTθ(x)⊙ (1̃ − A)
∥∥

2

]
where 1̃ is a matrix of ones.
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Intervention

• The do-operator, denoted as do (xi = α), is a mathematical operator that
fixes the observational value xi = α, and thus removes any causal
dependency on xi .

Figure 1: Do-operation
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Counterfactual sample

Figure 2: Counterfactual sample
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Experiments

Figure 3: Counterfactual sample
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Experiments

Figure 4: Result 1
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Experiments - Fairness

German data set when a sensitive variable is sex.

Figure 5: Result 2
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